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Abstract 
We consider tolerance graphs as defined by Golumbic, Monma, and Trotter (1984). These authors 
proposed a conjecture which can be stated as follows: If H is a comparability graph, then its 
complement fl is a tolerance graph if and only if it is a bounded tolerance graph. A result which 
supports this conjecture was obtained by one of us in his Diploma-Thesis (Hennig, 1988) where it 
was shown that, for a tree T, the following three conditions are equivalent: (i) Tis a tolerance graph, 
(ii) Tis a bounded tolerance graph, (iii) Tdoes not contain T, as a subtree, where TX denotes the tree 
which consists of three paths of length 3 starting at a common vertex. It is the purpose of the present 
note to give a short proof of this result. 
An undirected graph G = (V, E) is a tolerance graph if it is possible to assign to each 
vertex x E V a nonempty compact interval I, on the real line together with a positive 
number t, such that xy E E if and only if 1 I, n I,/ 2 min jt,, ty }, where 111 denotes the 
length of the interval I. For a tolerance graph G = (V, E), if 9 = (I,) and t = (t,) are 
corresponding collections of intervals and positive numbers, then the pair (9,~) is 
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called a representation of G. A representation of G = (V, E) is bounded if t, I /I, / for all 
x E V. A bounded tolerance graph is a graph that admits a bounded representation. 
Tolerance graphs were introduced by Golumbic and Monma [3] and further 
investigated in [4]. Recent papers which consider tolerance graphs within a more 
general framework are [6,7]. 
In [4] it was proved that tolerance graphs are perfect. Further, these authors 
investigated the relationship of the class of tolerance graphs to other classes of perfect 
graphs as, for example, comparability graphs and their complements; they also drew 
attention to several interesting unsolved problems. The following was raised as 
a question in the paper in which tolerance graphs were introduced [3] and was 
conjectured to be true in the paper by Golumbic, Monma, and Trotter [4]. 
Conjecture. If H is a comparability graph, then its complement a is a tolerance graph 
if and only if fi is a bounded tolerance graph. 
In [S] the following result was obtained which shows that the conjecture of 
Golumbic, Monma, and Trotter is true for the case that H is a tree. 
Theorem [S]. Let G = T be the complement of a tree T. Then the following three 
conditions are equivalent. 
(i) G is a tolerance graph, 
(ii) G is a bounded tolerance graph, 
(iii) T does not contain T3 as a subtree, where T, is the tree shown in Fig. 1. 
It is the purpose of the present note to give a short proof of this result. In addition, 
we show that the theorem can easily be generalized to complements of forests. 
Our terminology is standard; it is essentially the same as that of [l] or [2]. By the 
term “graph” we always mean “undirected finite graph without loops or multiple 
edges”. The vertex set and edge set of a graph G will be denoted V(G) and E(G), 
respectively; likewise, we just write V and E. For vertices x, y, an (undirected) edge 
between x and y will be denoted xy; a directed edge (from x to y) will be denoted (x, y). 
For a graph G = (V, E), let G = (V,F) be a directed graph that results from G by 
Fig. 1. 
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orientation of its edges. Then the edge set F of G is called an orientation of G. For 
a graph G and a E V(G), let Adj(a) = (6 E V(G): ab E E(G)}. A path is a graph that 
consists of distinct vertices x0, x1, . . . ,x, and edges xixi+ 1 (i = 0, . . . , n - 1). A graph 
G is a comparability graph if there exists a transitive orientation F of G, i.e., (x,y), 
(y, z) E F always implies (x, z) E F ; G is a permutation graph if both G and its comp- 
lement G are comparability graphs. A caterpillar is a tree that consists of a path 
P together with some pendant vertices attached to P. Clearly, trees are comparability 
graphs and it is well known that caterpillars are permutation graphs (since they are 
interval graphs and thus complements of comparability graphs; see e.g., [2]). 
Given a representation (9, t) of a graph G = (V, E), we will always denote by I, 
and t, the interval and the positive number assigned to x; t, will be called tolerance 
value for x. Further, by L(x) and R(x) we denote the left and right endpoint of I,, 
respectively, and we define 
Tl(X) := L(x) + t,, T,(x) := R(x) - t,. 
The points T,(x) and T,(x) are called the left and right tolerance point of x, respectively. 
The points R(x), L(x), Tl(x), and T,(x) are the characteristic points (shortly, c-points) of 
x. For a representation (3, t) of G = (V, E), if the point p is a c-point of some x E V, 
then p is also called a c-point of (4, t). Recall that (by definition) t, > 0 and, therefore, 
we always have L(x) < R(x) if (9, t) is a bounded representation (because 
11,1 2 t, > 0). 
Let (4, t) be a representation of G = (V, E) and assume that t, # t, whenever 
x # y; let F be the orientation of G for which (x, y) E F if and only if xy E E and t, < t,. 
Then F is called a tolerance orientation of G. It is easy to see that each tolerance graph 
possesses a representation with the property that t, # t, for all x # y (and thus each 
tolerance graph has at least one tolerance orientation). 
The following lemma was proved in [4]. 
Lemma 1. Let C4 be a 4-cycle with vertex set {a, b, c, d) and edge set (ab, ac, bd, cd} and 
assume tkut F is a tolerance orientation of Cd. Then F is the, up to isomorpkism, uniquely 
determined transitive orientation of Cq, i.e., either F = {(a, b), (a, c), (d, b), (d, c)} or 
F = {(b, a), (c, a), (h d), (c, d)}. 
For a bounded tolerance graph G, a representation (9, t) of G is called normal if(i) 
it is bounded, and (ii) c-points of distinct vertices are always distinct. We remark that it 
is easy to verify that each permutation graph G = (V, E) is a bounded tolerance graph 
allowing a normal representation (9, t) with t, = 11,1 for all x E V, for example, this 
can be derived from the fact that the permutation graphs are exactly the interval 
containment graphs (see [4]) or by making use of some other of the various character- 
izations of the permutation graphs (see e.g., [2]). 
Lemma 2. For a bounded tolerance graph G, let (9, t) be a normal representa- 
tion and assume that there are distinct vertices a, b of G suck that t, = iI,1 and 
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Adj(a) = V(G)\ja, b}. Let G’ be the graph that resultsfrom G by adding a new vertex a’ 
to G such that Adj(a’) = V(G)\(a). Then G ’ is a bounded tolerance graph and there 
exists a normal representation of G’ which, when restricted to G, is identical with (9, t>. 
Proof. By symmetry we may assume L(a) < L(b). Then R(a) -=c R (b) since, otherwise, 
I, 2 lb which, together with th I IlJ, would imply b l Adj(a). Among the c-points of 
(X, t) which are to the right of L(a), let p be the leftmost; and, analogously, let q be the 
leftmcst among all c-points of (4, t) which are to the right of R(a). (Note that p and 
q exist because L(a) < R(a) < R(b).) Let p’ and q’ be points with L(a) < p’ < p and 
R(a) < q’ < q. In addition, let s be a point that is to the right of all c-points of (9, t). 
Note that p’ < q’. We now define 
L(a’) := p’, R(a’) := s + q’ - p’, 
I(a’) := [L(a’), R(a’)], and t,, := q’ - p’. 
Then T[(a’) = q’ and T,(a’) = s. We now add [(a’) and t,, to (9, t) and thus obtain 
a collection of intervals and tolerances representing a graph G” which consists of 
G together with an additional vertex a’ and some of the edges a’x, x E V(G). Clearly, 
this representation of G” is normal. Thus, in order to finish the proof of the lemma, we 
have to show that G” equals G’, i.e., 
a’a =$ E(G”), (1) 
a’s EE(G”) for all x E V(G)\{aJ. (2) 
For the proof of(l), note that L(a) < L(a’) < R(a) < R(a’). Further, R(a) < Tl(a’) and 
T,.(a) < L(a’). (For the latter, note that t, = II,1 implies T,.(a) = L(a).) Hence (1). For 
the proof of (2) note that I,, s I,, . Hence (because tb I IZJ) statement (2) holds for 
x = b. Now, let x E V(G)\{a, b}. Then x is adjacent to a, which (because t, = ifal) 
implies that one of the following three conditions holds. (The strict inequalities in 
(i)-(iii) are due to the fact that (9, t) is normal.) 
(i) L(x) < L(a) < R(a) < R(x), 
(ii) L(a) < T,(x) I R(x) < R(a), 
(iii) L(a) < L(x) I T,(.Y) < R(a). 
If (i) then L(x) < L(a’) and T,(a’) < q I R(x); if (ii) then L(a’) < p I T,(x) and 
R(x) < R(a’); if (iii) then L(a’) < p I L(x) and T,(x) < R(a’). Hence a’x EE(G”) in any 
of the cases (i)-(iii). 0 
We are now ready for the proof of the theorem. 
Proof of Theorem. (i) j (iii). Since any induced subgraph of a tolerance graph is 
a tolerance graph, it suffices to show that r3 is not a tolerance graph. Let us denote the 
vertices of T, as shown in the figure and, for a contradiction, let us assume that T3 is 
a tolerance graph. Let F be a tolerance orientation of T3 and let i,j E { 1,2,3}, i # j. 
Then F defines a tolerance orientation on the 4-cycle which is induced in T3 by 
bi, bj, ci,cj. Hence, by Lemma 1, (c,,cj) EF iff (ci, bj) EF. Similarly, considering the 
4-cycle induced by U, ci, bj,di, we find (Ci, bj) E F iff (Ci, U) E F. Hence 
(c,,c~)EF iff (ci,a)sF for all i,j~{l,2,3}, i#j. (3) 
We now consider the orientation induced by F on the triangle formed by c1 , c2, c3. 
Clearly, there is an i E { 1,2,3} such that (cj, ci), (ci, ck) E F ({i, j, k} = { 1,2,3}). By (3) 
(Ci,C,)EFimplies(ci,a)EF; on the other hand, (Cj, Ci) E F implies (Ci, cj) 4 F and thus 
(by (3)) (ci,u) $ F, a contradiction. 
(iii) + (ii). Let T be a tree that does not contain T3 as a subtree. It is easy to see that 
T has the following structure. (In [4], trees of this kind were called “caterpillars with 
toes”.) The vertices of T fall into three disjoint classes X, Y, and Z, where 
X = {x1, . . ,x,} induces a path of T, Y has the property that each member of Y is 
adjacent to exactly one vertex of X, and Z has the property that each member of Z is 
adjacent to exactly one vertex of Y. Suppose that z, z’ E Z are distinct vertices of 
Z having the same neighbor in Y and suppose further that we have already found 
a bounded tolerance representation for T - z’. Then we obtain a bounded tolerance 
representation of T by just choosing for Z’ the same interval and the same tolerance 
value as for z. Hence, in order to prove that T is a bounded tolerance graph, it suffices 
to consider the case that each y E Y has at most one neighbor in Z, which we now 
assume. Let zi, . . . , z, be the members of Z. Denote by yi the unique neighbor of zi in 
Y and by x~,~) the unique neighbor of yi in X (i = 1, . . . , Y). Let Tcm) be the subtree of 
T induced by X u Y u {Zi: 1 5 i I m}, and let G(“‘) be the complement of T’“‘) 
(m=O,l,...,r): 
Note that T(O) is a caterpillar (since T(O) is the subgraph of T induced by X u Y). 
Hence, by a remark in the introduction, T (‘) is a permutation graph and thus G(O) is 
a permutation graph, too. Hence, by the remark before Lemma 2, G(O) is a bounded 
tolerance graph which possesses a normal representation (9, t) with t, = II,1 for all 
x E V(G”‘). Further, each yi is adjacent (in G(O)) to all vertices of V(G’“))\{yi,x,,i,}. 
From this one easily finds by successive application of Lemma 2 (with yi, .~k(i), and Zi 
in the role of a, b, and a’, respectively) that the graphs G(l), . , G(” are bounded 
tolerance graphs. Hence T = G(‘) is a bounded tolerance graph. 
Since (ii) + (i) is trivial, the proof of the theorem is finished. 0 
For disjoint graphs G, H let G * H be the graph with V(G * H) = V(G) u V(H) and 
E(G * H) = E(G) u E(H) u {xy: x E V(G), y E V(H)}. We claim that the following 
holds. 
If G and H are bounded tolerance graphs, then G *H is a bounded 
tolerance graph. (4) 
For the proof let (.a, t) be a bounded representation of G which has the additional 
property that all intervals of 4 share a common interval [a, b] on the real line (a < b); 
it was shown in [4] that such a representation always exists. Further, we choose 
a bounded representation of H which has the additional property that all its intervals 
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are contained in [a, b]. (Clearly this can be achieved.) Taken together, the representa- 
tions of G and H result into a bounded representation of G * H. Hence (4). 
By successive application of (4) one immediately finds that the above theorem 
remains true under the weaker assumption that G is the complement of a forest. 
Additional remark. As pointed out by the referee, related work has recently been done 
by S. Felsner (“Tolerance graphs and orders”, preprint (1992)) and K.P. Bogart and 
A.N. Trenk (“Bipartite tolerance orders”, preprint (1992)) who obtained order-theor- 
etical results implying the result of [S]. The results of Bogart and Trenk also imply 
that, for each bipartite graph B, B is a tolerance graph if and only if I? is a bounded 
tolerance graph-a result which can also be obtained by the methods of Felsner’s 
paper and was independently proved by A. Parra (Diploma-Thesis, University of 
Hamburg, 1992). 
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